Let k be a fixed positive integer and let H be a graph with at least k + 1 edges. A local (H, k)-coloring of a graph G is a coloring of the edges of G such that edges of no subgraph of G isomorphic to a subgraph of H are colored with more than k colors. In the paper we investigate properties of local (H, k)-colorings. We prove the Ramsey property for such colorings, establish conditions for the density property and the bipartite version of the Ramsey theorem to hold, and prove the induced variant of the Ramsey theorem with forbidden large cliques. 0 1992 Academic Press, Inc.
INTRODUCTION
In the paper we study a family of edge colorings of graphs. Let k be a fixed positive integer and let H be a graph with at least k + 1 edges. A local (H, k)-coloring (or simply, an (H, k)-coloring) of a graph G is a coloring of the edges of G that satisfies the following property:
edges of no subgraph of G isomorphic to a subgraph of H are colored with more than k colors.
The idea is to allow an arbitrary number of colors in a coloring as long as "locally" at most k colors are used. Local (H, k)-colorings generalize Jocal k-colorings introduced in [4] as edge colorings of a graph such that the edges incident to each vertex are colored with at most k different colors. It is evident that local k-colorings are exactly local (K,, ,++ 1, k)-colorings. In addition, directly from the definition the following claim follows. CLAIM 1.1. Zf H, is a subgraph of H, and H, has at least k + 1 edges, then for every G, an (HZ, k)-coloring of G is also an (H, , k)-coloring of G.
Local k-colorings were introduced as a generalization of usual k-colorings, i.e., edge colorings using at most k colors. In [4, 3, 73 properties of local k-colorings were studied. Even though the number of colors in a local k-coloring may be much larger than k, in many aspects local 178 k-colorings behave similarly to k-colorings. Many similarities exist, in particular, in the area of Ramsey Theory. For example, it is true [4] that for every graph G, the local Ramsey number r!,,(G) is well defined; i.e., there is the least integer t such that for every local k-coloring of the complete graph on t vertices, there exists a monochromatic subgraph isomorphic to G. In addition, for many graphs G the usual Ramsey number rk(G) and the local Ramsey number r:,,(G) are equal or differ by 1. A general result in [7] states that for every integer k > 1 there is a constant ck such that for all connected graphs G, r&(G) < c,rk(G). Since for any graph G, r"(G) < r:,,(G), for connected graphs usual and local Ramsey numbers are within a constant factor from each other.
Other properties of local k-colorings were studied in [33. It is shown there that as for usual k-colorings, the density property, the bipartite Ramsey theorem, and the induced Ramsey theorem can be proved for local k-colorings. Among the most notable differences between the two types of colorings are the fact that for some families of disconnected graphs the ratio &,(G)/rk(G) cannot be bounded (see [4] for details), and that for all n there is an n-chromatic graph with a local 2-coloring such that all monochromatic subgraphs are bipartite (see [3] ), whereas if a graph has a 2-coloring with that property, it must be 4-chromatic.
In this paper we study properties of local (H, k)-colorings. There are several similarities but also more differences between local (H, k)-colorings and k-colorings. Let r (*, k'(G) be the least integer t such that for every (H, k)-coloring of the complete graph with t vertices, there exists a monochromatic subgraph isomorphic to G. We show that r'H*k)(G) is well defined for all graphs G if and only if H contains a forest with k + 1 edges (Section 2). We show also that for such graphs H, the induced version of the Ramsey theorem remains true (Section 4). On the other hand, the density property and the bipartite Ramsey theorem for (H, k)-colorings are not true, in general, and hold only if H contains a forest of stars of size k + 1 (Section 3).
In the paper we use the following notation. If F is a forest of size k + 1 we abbreviate (F, k)-coloring to F-coloring, and rfF, k'(G) to r"(G). We write K, to denote the complete graph with vertex set X (K,, if x= (1, . ..) t>). For an edge coloring 4 of a graph G and for Xc V(G), we denote by C$ 1 X the restriction of 4 to the set of edges of the subgraph of G induced by X. A subgraph H of an edge-colored graph is called a rainbow if no two edges of H have the same color.
Finally, let us note that in the case when k = 1, (H, k)-colorings are easy to describe. We have the following simple result. (2) If H contains 2K,, and G has at least 3 independent edges, then q5 is a l-coloring (G is monochromatic).
RAMSEY THEOREM FOR (H, k)-COLORINGS
Our main results in this section establish necessary and sufficient conditions for rcKk)(G) to be well defined for every graph G. In the proof we need several auxiliary lemmas. (1) It follows from the definition of the X,'s that if x E Zi, i > 1, then the edges of K,-, incident to x are colored with at least 3k + 1 colors.
(2) Also directly from the definition, it follows that for i = 1, 2, . . . . p -1, 4 1 Xi is a local 3k-coloring of K,. Moreover, either 4 1 X, is a local 3k-coloring of Kxp, or each vertex of K, is incident (in KTpJ to edges colored with at least 3k + 1 colors. Suppose that the latter possibility holds. Then, it is easy to construct in K, a rainbow copy of F (or the subgraph of F obtained by removing from F all isolated vertices), which is a contradiction, as q5 is an F-coloring. So, for every 1 < i 6 p, 4 1 Xi is a local 3k-coloring.
(3) Assume that p > 2k + 2. We will show that for every forest T, without isolated vertices, and with jE( T)( = i < k + 1, there is a rainbow COPY of Tin KZ2k+3-2,. We proceed by induction on i. For i= 1 the statement is trivial. So, consider a forest T without isolated vertices, and with
Let u be a pendant vertex in T, and let v be the neighbor of u in T. If uv is an isolated edge in T, set T'= T-u-v. Otherwise, set T' = T-U. By the induction hypothesis, there is a rainbow COPY of T', say T", in KZ2k+3-2,,-,j. Let v" be the vertex of T" corresponding to v in T' (if v E V( T')) or any vertex of XZk+ 3 _ 2i+, (if v # V( T')). There are 3k + 1 differently colored edges incident to VI' in KZzk+jmzI (by (1)). Hence, it is possible to choose among these edges an edge e, colored differently from all edges of T", and whose other endvertex is not in V( T"). Clearly, T" u {e} is a rainbow copy of Tin KZZt+l-2,.
(4) Let T be the forest obtained from F by removing all its isolated vertices. By (3), there is a rainbow copy of T in Kx. But as 4 is an F-coloring, it is a T-coloring, a contradiction, so that p < 2k + 1. Since (X, , --*> X,] is a partition of X, we have IX,/ 2 IXj/(2k + I), for some 1 < id p. From (2), q5 ) Xi is a local 3k-coloring. Hence Y = Xi satisfies the assertion. 1
The proof of the next lemma is similar. LEMMA 2.2. Let F be a forest with k + 1 edges. For every finite set X and every edge coloring 4 of K, that is both an F-coloring and a local 3k-coloring, there is a subset Y of X satisfying
(ii) I YI 2 IXl/((2 + 6k2)(2k + 1)).
Proof:
We first introduce some notation. We call a color rare at x in Kx if it appears on at most 2k edges incident in K, to x. Otherwise, a color is called common at x in K,. A vertex x is irregular if there are at most k common colors among colors used to color edges incident to x, otherwise, x is called regular. (1) Observe that if x E Zj, i > 1, then x is regular in K,-, .
(2) Observe also that for every 1 d i<p -1, each x E Xi is irregular in Kxt. Moreover, either each x E X, is irregular in Kx,, or each x E X, is regular in KxP. If this latter case holds, then a rainbow copy of F can be constructed (using edges of common colors only). As this contradicts our assumptions, we obtain that also for i=p each XE Xi is irregular in K,<.
582b/54/2-2 (3) Assume that p > 2k + 2. We claim (as in step (3) of the proof of Lemma 2.1) that for every forest T, without isolated vertices, and with JE(T)J = i < k + 1, there is a rainbow copy of T in . To prove this we proceed by induction on i. For i = 1 the statement is trivial. So, consider a forest T without isolated vertices, and with IE( T)( = i, 1 < i < k + 1. In the induction step, we use the notation from step (3) of Lemma 2.1. In order to find an edge that can be added to the rainbow forest T" at vertex u", we choose a color common at Y" that is different from all colors used on T" (it is possible; by (1) u" is regular in KZZ1+ )-~, hence, there are at least k + 1 common colors at u"). Then. from among 2k + 1 edges of that color incident to v" in KZ,,+3-2,, we choose an edge whose other endvertex does not belong to T", and we add this edge to T" to get a rainbow copy of T, contained in K,,+,-,.
This completes the proof of our claim. Consequently, a rainbow copy of F (or its subgraph obtained from F by removing all isolated vertices) can be found in Kx, a contradiction. Hence, p62k+ 1. (i) 4 1 Y is a local k-coloring of Ky, (ii) ( YI >, lX(/((2 + 6k2)(2k+ l)*).
We are ready to prove the main result of the section giving conditions for the existence of Ramsey numbers rCH* k)(G). Proof: Let G be a connected graph. It suffices to prove that rtKm, k)(G) < rk(G). So, let n = rk( G) and let 4 be any (K,, k)-coloring of K,,. Suppose also that no monochromatic copy of G can be found. Let c1 and c2 be two colors of 4 such that no vertex is incident to edges of both colors (if such colors exist). Let 4' be the coloring obtained from 4 by recoloring with c2 all edges colored (by 4) with c, . Clearly, 4' is a (Km, k)-coloring, as well. Moreover, as G is connected, no monochromatic (with respect to 4') copy of G exists. Repeat the above recoloring procedure until we obtain a coloring $ such that for every two colors ci and c2 of II/ there is a vertex incident to edges of both colors. By the construction, 1+4 is a (K,, k)-coloring and no monochromatic (with respect to +) copy of G exists.
As n = rk(G), tj uses at least k + 1 colors. If k + 1 is even, choose any k + 1 COlOI-S C,, . . . . ck+ , . If k + 1 is odd, first find three colors a, 6, and c such that for some four vertices w, X, y, and z each of a, b, and c is used to color an edge in Kjw,,%,, z) and then choose any other k-2 colors cl, . . . . ck-2. For i= 1,2, . . . . (k+ 1)/2 if k+ 1 is even (for i= 1, 2, . . . . (k-2)/2, if k + 1 is odd) choose vertices xi, yi, and zi so that @(xi yi) = czi-, and II/( y,z,) = czi. Let X be the set of all selected vertices. We have 1x1 < r3k/21+ 1 = m and there are at least k + 1 colors of II/ on the edges of K,. Hence, II/ is not a (K,, k)-coloring, a contradiction. j
Another, even more general question is the following one: What are the minimal graphs H containing a forest with k + 1 edges and such that for every graph G, r (K 'j(G) = r"(G)? If k = 2, a triangle with one pendant edge attached to it has all the properties.
The case when N is a forest with k + 1 edges seems to be particularly interesting, as forests are the minimal graphs for which local Ramsey numbers are defined. We have the following two simple results. THEOREM 2.6. Let k > 2. For every graph G, r@+ ') K2(G) < rk(G) + 2k.
Proof
Set rz= rk(G) + 2k and let X= (1,2, . . . . rr>. Let 4 be a (k + 1) K,-coloring of K,. We need to show that a monochromatic copy of G exists. This is clearly the case if 4 uses no more than k colors. So, suppose otherwise. Choose any edge wx; say its color is 1. Let us consider the coloring 4 of a complete bipartite graph K,,, with color classes {x0, . . . . x,-L >> {YOU ..'Y Yn-11, where all the edges incident with xi are colored with color i. Let F be a forest. Clearly, if F is not a forest of stars, 4 is an F-coloring of K,,, n (as F must contain two edges incident to some vertex xi and, consequently, colored with i). Since the density of K. m is n, and the density of every monochromatic subgraph is less than 2, the density property does not hold. When F is a forest of stars we have the following density theorem. (Note that it gives a weaker lower bound for the density of an existing monochromatic subgraph than the density theorem for local k-colorings, i.e., for the case when F is a star.) Let q be the number of vertices of G that have their incident edges colored with at least 3k + 1 colors. Then q < k (otherwise a rainbow F could be constructed). Hence,
In the case of local k-colorings, the density theorem implies the bipartite Ramsey theorem (see [S, 33) . Similarly, our density result implies the bipartite Ramsey theorem for the class of F-colorings, where F is a forest of stars. THEOREM 3.2. Let F be a forest of stars with k + 1 edges. For every m there exists n so that tf K,,, n is F-colored then there exists a monochromatic COPY ofKn.w
The bipartite Ramsey theorem does not hold in general, as is showed by the coloring 4 described at the beginning of this section. A similar construction shows that the following result for k-colorings does not hold, in general, for F-colorings. This result is the key in the proof of the induced version of Ramsey theorem with forbidden large complete subgraphs (see [6] for the case of k-colorings, and [3] for the case of local k-colorings). The induced version of Ramsey theorem with forbidden large comple subgraphs holds for local (H, k)-colorings, but the proof is different. We present the details in the next section.
INDUCED VERSION OF THE RAMSEY THEOREM FOR LOCAL (H, k)-COLORINGS
The purpose of this section is to give a proof of the following strengthening of the Ramsey theorem for local colorings. In the proof we use two results that establish a similar statement but for a different class of colorings. colored with the same element, say ZE V(H,). Thus, by (4), 4 I V(H;) x {z} is a local k-coloring of Hi x {z}. Consequently, Hi x (21 contains an induced monochromatic subgraph isomorphic to G. Since Hi x {z} is an induced subgraph of H it follows that there is a monochromatic induced copy of G in H. 1 The following corollary follows directly from Claim 1.1 COROLLARY 4.4. Let F be a graph containing a forest with k + 1 edges. For every graph G there exists a graph H such that cl(H) = cl(G) and in every (F, k)-coloring of H there is a monochromatic induced subgraph isomorphic to G.
